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Exercise 2

Solve uy = gy, u(z,0) = log(1 4+ 22), w(z,0) = 4 + .

Solution

Solution by Operator Factorization

To solve the wave equation on the whole line (—oo < < ), the method of operator
factorization can be used.
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If we let

then the previous equation becomes
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In other words, the method of operator factorization reduces the wave equation to a system of
first-order PDEs.
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Note that the differential of a two-dimensional function h(z,t) is defined as
Oh Oh
dh = En dt + 9z dx

Dividing both sides by dt results in the fundamental relationship between the total derivative of h

and its partial derivatives.
dh  Oh dxOh

@~ ot don
Along the curves in the tz-plane defined by

% =G 56(6,0) = 67 (1)
where £ is a characteristic coordinate, the PDE for v becomes an ODE.
dv
g 2
il (2)

Integrate both sides of equation (2) with respect to .
v(&,t) = f(§)
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Here f is an arbitrary function of the characteristic coordinate. Now integrate both sides of
equation (1) with respect to ¢.
r=c+§{ — E=xz—ct

In terms of the original variables, then,
v(z,t) = f(z — ct).

Consequently, the PDE for w is
ou ou

— —c— = f(x —ct).
ot~ “ox Jw =)
Along the curves in the tz-plane defined by
d
d7f = —¢ x(n70) =, (3)

where 7 is another characteristic coordinate, the PDE for « becomes an ODE.

du

==t @

Integrate both sides of equation (3) with respect to .
r=—-c+n — n=zc+ct

Eliminate z from equation (4).
du

5 = J(F2t+m)

Integrate both sides with respect to t.
u(n,t) = F(—2ct +n) + G(n)

Here F' and G are arbitrary functions. Now that u is known, change back to the original variables
to obtain the general solution.

u(z,t) = F(z — ct) + G(x + ct)
Apply the initial conditions to determine F' and G.

u(z,0) =log(l +2?) — F(z)+ G(z) = log(1 + z?)
u(z,0)=4+z — —cF'(z)+cG'(z)=4+=z

Multiply both sides of the first equation by ¢ and differentiate both sides with respect to .

2z
—
1+ 22

—cF'(x) + cG'(z) =4+ x

cF'(z) + c¢G'(z) =

Adding the respective sides yields

2
14 22

2¢G' (z) = ¢ +4+z,
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whereas subtracting the respective sides yields

2
2CF/(.’L'):CH7IL‘$2—4—$.
As a result,

1 2z 1
Flz)=>—2__ "4
(@) =512 g4+

1 2« 1
!

== —(4+ ).
G) =7zt

Integrate these functions to obtain F(z) and G(x).

_ 1 oy _ 1 2
F(m)—2log(1—i—x) 40(833+x)
()_11 (1+ 2)+*1(8 +a?)
G(x = log x LBrte

What we solved for are actually F(w) and G(w), where w is any expression we wish.

Flz —ct) = %log[l bz =t — ﬁ[S(m — o) + (2 — ct)?)

Gz +ct) = %bg[l + (x4 ct)?] + 4%[8(95 +ct) + (x + ct)?]
Therefore,
w(z,t) = F(z — ct) + G(z + ct)
= %bg[l + (x — ct)?] — i[8(93 —ct) + (z —ct)?] + %log[l + (z + ct)?] + 3[8(95 +ct) + (z + ct)?]

4c 4c

= % {log[1 + (z — ct)?] + log[1 + (z + ct)?]} + 4%[8@ +ct) + (x4 ct)? = 8(z — ct) — (z — ct)?]

1 1
= 5 log[l + (@ — ct)?)[1+ (z + ct)?] + 1. (16ct + detx)
C

=log \/[1 + (x — ct)?][1 + (z + ct)?] + t(4 + ).
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Solution by the Method of Characteristics

Ut — C2wa =0

Comparing this equation with the general form of a second-order PDE,
Auy + Bugy + Cugy + Duy + Fug, + Fu=G, weseethat A=1,B=0,C=—-c¢?, D=0, E =0,
F =0, and G = 0. The characteristic equations of this PDE are given by

dzx 1

s - 2 _

dt 2A<Bi B 4AC)
dzx 1

&r - 2

o 2(:l: O+4c>

e _ . 9 __
dt_c 0 i c.

Note that the discriminant, B> — 4AC = 4¢?, is greater than 0, which means that the PDE is
hyperbolic. Therefore, the solutions to the ordinary differential equations are two real and
distinct families of characteristic curves in the tz-plane.

r=ct+Cy or x=—ct+ Cs.
Solve for the constants of integration.
Ci=x—ct
Co=x+ct

Make the change of variables, £ = x — ¢t and n = x + ct, so that the PDE takes the simplest form.
Use the chain rule to determine the old derivatives in terms of these new variables.

Ou Oud  Oudn _ . B
- oco Tomar - ug(—c) 4 uy(c) = c(uy — ug)

Pu 0 (ou\ (0D Oy d A L,
Freirn (81&) = ((‘%85 + 81&87]) [e(un — ug)] = <_C(‘9§ +68n) [e(un — ug)] = ¢ (upy — 2ugy + uge)

ou  OJud Oudn
ox ag or + 877 or uf( )+ uﬂ( ) U +u§

0x2  Ox \ox) \oxd¢ Oxon Uy T Ug) = o an Uy T Ug) = Uny Ugn T Ugg

Substitute these formulas into the PDE and simplify.

[\

Cz(“nn — 2ugy + uge) — 02(’“7777 + 2ugy + uge) = 0
—402u§77 =0
u§77 =0

This is known as the first canonical form of the wave equation. Integrate both sides with respect
to 7.

ug = f(§)

Here f is an arbitrary function of £. Integrate both sides with respect to £ to get u.

u(§,n) = F(&) + G(n)
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F and G are arbitrary functions of £ and 7, respectively. Now that u is known, change back to
the original variables.
u(z,t) = F(z — ct) + G(x + ct)

Apply the initial conditions to determine F' and G.
u(z,0) =log(1 +2%) — F(z)+ G(z) = log(1 + 2?)
w(z,0)=4+z — —cF'(z)+cG'(z)=4+=z
Multiply both sides of the first equation by ¢ and differentiate both sides with respect to x.

. 2z
14 a2
—cF'(z)+ cG'(x) =4+

cF'(z) + cG'(z) =

Adding the respective sides yields

2z

/ _
QCG (1’) = Cm

+4+ux,

whereas subtracting the respective sides yields

2x
1422

2cF'(z) = ¢ —4— .

As a result,
1 2z 1
/ e S —
@) =317 "%

)= s 4 Ly

:§1+$2 2¢

(4+x)

Integrate these functions to obtain F(z) and G(x).
Flz) = +log(1 + 2%) — (82 + 2?)
z) = 5 log x LBete

1 1
— ool + 22) + — 2
G(z) 5 og( +a:)+4c(8x+x)
What we solved for are actually F'(w) and G(w), where w is any expression we wish.

Pz — cf) = %log[l (@ —ct)] 4%[8(90 —et) + (x — ct)]

Gx+ct)= %log[l + (z+ct)?] + ﬁ[S(m +ct) + (z + ct)?]

Therefore,

u(x,t) = F(x —ct) + G(x + ct)

= élog[l + (z — ct)?] - 4%[8(96 —ct) + (x —ct)?] + %log[l + (x4 ct)?] + 4%[8(:13 + ct) + (z + ct)?]

=log \/[1 + (z — ct)?][1 + (x + ct)?] + t(4 + ).
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